Abstract. Welschinger invariants of the real projective plane can be computed via the enumeration of enriched graphs, called marked floor diagrams. By a purely combinatorial study of these objects, we prove a Caporaso-Harris type formula which allows one to compute Welschinger invariants for configurations of points with any number of complex conjugated points.
Introduction
Welschinger invariants of symplectic 4-manifolds were introduced in [Wel05a] , and since then they attracted a lot of attention. One of the main interest of these invariants is that they provide lower bounds in real enumerative geometry. As an example of application, it is proved in [IKS03] that through any configuration of 3d − 1 points in RP 2 passes at least one real rational algebraic curve of degree d (and even a lot! see also [IKS04] ).
Welschinger invariants can be seen as real analogs of genus 0 Gromov-Witten invariants, well known in complex enumerative geometry. Hence, studying relations between these two sequences of invariants is an important problem. One of the common feature of both invariants is that they can be computed via the same kind of recursive formulas. In [KM94] , Kontsevich computed all genus 0 Gromov-Witten invariants of CP 2 in terms of those of lower degree, via the so called WDVV equations. Recently, Solomon [Sol] used WDVV equations in open Gromov-Witten theory to obtain similar formulas involving Welschinger invariants. Another approach to compute Gromov-Witten invariants has been proposed by Caporaso and Harris in [CH98] . They obtain a recursive formula by specializing one point after the other to lie on a given line in CP 2 . Moreover, this formula computes not only genus 0 Gromov-Witten invariants but relative Gromov-Witten invariants of any genus and degree. In this paper, we are interested in a similar formula involving Welschinger invariants.
Markwig's proof of Caporaso-Harris Formula translates naturally in this setting, as well as ItenbergKharlamov-Shustin's one. Moreover, the quite simple combinatoric of these objects allows one to generalize easily the formula in [IKS] to Welschinger invariants for any real configuration of points (and not only for configurations of real points).
In this paper, we explain how to pass from marked floor diagrams to a Caporaso-Harris style formula which allows one to compute all Welschinger invariants of the projective plane.
This formula does not involve directly Welschinger invariants, but some other numbers, the sum of which gives Welschinger invariants. In regard to tropical relative Welschinger invariants for configurations of real points, it is natural to wonder about the invariance of the numbers involved in our formula. However, one sees easily that they do not correspond to any invariant, even tropical. Worse, we give an example in section 7.2 which shows that there is no hope to define as in [IKS] tropical relative Welschinger invariants for real configurations of points containing some pairs of complex conjugated points.
In section 2 we fix notation and convention we use in this paper. Then, we define in section 3 Gromov-Witten and Welschinger invariants, and we explain how to compute these enumerative invariants using floor diagrams in section 4. Section 5 is devoted to the statement of our formula, the proof of which is given in section 6. We end this paper with some remarks and computations in section 7.
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Convention
To avoid any confusion, we fix here notation and convention we use in this paper.
2.1. Notation. We denote by N the set of nonnegative integer numbers and by N * the set of positive integer numbers, i.e. N = {n ∈ Z| n ≥ 0} and N * = {n ∈ Z| n > 0}. The set of sequences of elements in N having only finitely non zero terms is denoted by N ∞ . We denote by e i the vector in N ∞ whose all coordinates are 0 but the i th which is equal to 1. If α is a vector in N ∞ , we denote by (α) i its i th coordinate. Given two vectors α and β in N ∞ , we write α ≥ β if (α) i ≥ (β) i for all i. Finally, we put
If a and b are two integer numbers, a b denotes the binomial coefficient (i.e. is equal to 
If α, α 1 , . . . , α l are vectors in N ∞ , then we put 
We also denote by Edge ∞ (Γ) the set of edges adjacent to a source. A graph Γ is connected if for any two elements v 1 and v 2 of Vert(Γ), there exists a sequence s 1 = v 1 , s 2 , . . ., s k−1 , s k = v 2 of elements of Vert(Γ) such that (s i , s i+1 ) ∈ Edge(Γ) or (s i+1 , s i ) ∈ Edge(Γ) for all i. A tree is a connected graph with Euler characteristic equal to 1 (i.e. ♯Vert(Γ) − ♯Edge(Γ) = 1). In this case, Edge(Γ) is actually a subset of Vert(Γ) × Vert(Γ).
An oriented tree Γ is naturally enhanced with a partial ordering : an element a of Γ is greater than another element b if there exists a sequence c 1 = a, c 2 , . . ., c k−1 , c k = b of elements of Γ such that c i is adjacent to c i+1 for all i, and if c i (resp. c i+1 ) is an edge of Γ then c i = (v, c i+1 ) (resp. c i+1 = (c i , v)).
We say that Γ is a weighted graph if each edge of Γ is prescribed a natural weight, i.e. we are given a function ω : Edge(Γ) → N * . The weight allows one to define the divergence at the vertices. Namely, for a vertex v ∈ Vert(Γ) we define the divergence div(v) to be the sum of the weights of all incoming edges minus the sum of the weights of all outgoing edges.
Here are the convention we use to depict weighted oriented trees : elements of Vert ∞ (Γ) are represented by small horizontal segments, elements of Vert(Γ) are represented by ellipses. Elements of Edge(Γ) are represented by vertical lines, and the orientation is implicitly from down to up. We write the weight of an edge close to it only if this weight is at least 2. See Figure 1 for some example of weighted oriented trees.
3. Complex and real enumerative problems 3.1. Relative Gromov Witten invariants. Fix d ≥ 1 an integer number, ω = {p 1 , . . . , p 3d−1 } a generic collection of 3d − 1 points in CP 2 and denote by C(ω) the set of all irreducible complex algebraic rational curves of degree d in CP 2 containing ω. It is well known that the cardinal of C(ω) does not depend on ω, and it is called the genus 0 Gromov-Witten invariant of degree d of CP 2 .
More generally, one can define relative Gromov-Witten invariants. Fix a line L in CP 2 , a degree d ≥ 1 and two vectors α and β in N ∞ such that Iα + Iβ = d. Choose ω = {p 1 , . . . , p 2d−1+|β| } a collection of 2d − 1 + |β| points in CP 2 , and ω L = {p 1 1 , . . . , p 1
. .} a collection of |α| points on L. Denote by C(ω, α, β) the set of all irreducible complex algebraic rational curves of degree d in CP 2 containing ω, intersecting the line L at the point p j i ∈ ω L with multiplicity j for all i and j, and intersecting L at (β) j some other non-fixed points with multiplicity j for all j. Once again, the cardinal of C(ω, α, β) does not depend on ω and ω L as long as these configurations are generic, and is denoted by N α,β (d). Note that N 0,de 1 (d) is the classical genus 0 Gromov-Witten invariant of degree d.
The numbers N 0,de 1 (d) were first computed by Kontsevich in [KM94] . Later, Caporaso and Harris computed all the numbers N α,β (d) in [CH98] . Their formula is given is section 5.1. A tropical proof of the Caporaso-Harris Formula has been given by Gathmann and Markwig in [GM07] .
Note that one can define relative Gromov-Witten invariants of any genus, and that the CaporasoHarris formula compute all these numbers. However, we are only interested in rational curves in this paper, and the formula we write in section 5.1 only deals with rational curves.
3.2. Welschinger invariants. Let us now enumerate real algebraic curves. Fix d ≥ 1 an integer number, and ω = {p 1 , . . . , p 3d−1 } a generic collection of 3d − 1 points in CP 2 . Suppose moreover that ω is real, i.e. conj(ω) = ω where conj is the standard complex conjugation on CP 2 . Consider the set RC(ω) of all irreducible real algebraic rational curves of degree d in CP 2 containing ω. The cardinal of RC(ω) is no longer invariant with respect to ω, but Welschinger proved in [Wel05a] that if one count the curves in RC(ω) with an appropriate sign, then one obtains an invariant.
If C is a real algebraic nodal curve in CP 2 , let us denote by w(C) the number of isolated double points of C in RP 2 (i.e. points where C has local equation X 2 + Y 2 = 0). In [BM] and [BM07] , actual computation of Gromov-Witten and Welschinger invariants is replaced by enumeration of some enriched graphs, called floor diagrams. Gathmann and Markwig's approach also translates naturally in this context, and starting from this observation we prove here a recursive formula which allows one to compute all numbers W (d, r).
Note that there are other known formulas computing Welschinger invariants, using symplectic field theory ( [Wel] ), and open Gromov-Witten theory ( [Sol] ).
Of course, one can count with Welschinger signs real algebraic curves of any genus or with tangency conditions. However the number obtained is no longer an invariant (see [Wel05a] or [IKS] ). See section 7.2 for this discussion in the tropical setting.
Floor diagrams
Here we define floor diagrams and state their relation with Gromov-Witten and Welschinger invariants of CP 2 . The definitions of this paper differ slightly with those of [BM] and [BM07] . The first reason is that here we are mainly interested in enumeration of plane curves, for which floor diagrams we have to consider are a lot simpler than those required in arbitrary dimension. Moreover, floor diagrams which are needed to compute absolute invariants are not sufficient to deal with relative invariants, we have to allow edges in Edge ∞ (D) with any positive weight. • a source has a unique adjacent edge,
Note that Definition 4.1 implies that the set Vert(D) has exactly d elements. All floor diagrams of degree 3 and genus 0 are depicted in Figure 1 .
Let α, β, γ, δ be four vectors in N ∞ , and define n = 2d − 1 + |α + β + 2γ + 2δ| and P = {1, . . . , n}. Let M : P → D be a map. • the map M is injective, 
Note that the complex multiplicity of a marked floor diagram depends only on the underlying floor diagram. The following theorem is proved in [BM] (see also [BM07] ) in the case α = 0 and β = de 1 . However, it is straightforward that the same proof works for any couple (α, β) (see also [GM07] ). 
where the sum is taken over all marked floor diagrams of degree d, genus 0 and of type (α, β, 0, 0). Note that as soon as r ≥ 1, the r-real multiplicity of a r-real marked floor diagram depends not only on the underlying floor diagram but also on the marking. The following theorem is proved in [BM] .
Theorem 4.7. For any d ≥ 1 and any r ≥ 0 such that 3d − 1 − 2r ≥ 0, one has
where the sum is taken over all r-real marked floor diagrams of degree d, genus 0 and of type
Example 4.8. All marked floor diagrams of degree 3, genus 0 and type (0, (3 − 2i)e 1 , 0, ie 1 ) are depicted in Table 1 with their multiplicities. The first floor diagram has an edge of weight 2, but we didn't mention it in the picture to avoid confusion. According to Theorems 4.4 and 4.7 one finds N 0,3e 1 (3) = 12 and W 2 (3, r) = 8 − 2r. 
, we associate the equivalence relation ∼ s on the set {1, . . . , l} defined by
The integer σ(s) is defined as the product of the factorial of the cardinal of the equivalence classes of ∼ s .
Theorem 5.1 (Caporaso, Harris). The numbers N α,β (d) are given by the initial value N e 1 ,0 (1) = 1 and the relation
5.2. Formula for plane Welschinger invariants. We state now the main result of this paper, a recursive formula in the spirit of Theorem 5.1 which allows one to compute the numbers W 2 (d, r). Let α, β, γ and δ be four vectors in N ∞ , define d = Iα + Iβ + 2Iγ + 2Iδ, and choose r ≥ 0 an integer number such that 2d − 1 + |β + 2δ| − 2r ≥ 0. Our recursive formula does not involve the numbers W r (d, r), but the numbers C α,β,γ,δ (d, r) which are defined as follows
where the sum is taken over all marked floor diagrams of type (α, β, γ, δ). Note that only r-real marked floor diagrams contribute to this sum. For any d ≥ 1 and 0 ≤ r ≤ 3d−1 2 , a reformulation of Theorem 4.7 gives
A vector α in N ∞ is said to be odd if (α) 2i = 0 for all i ≥ 1. It follows immediately from the definition of the multiplicity of a marked floor diagram that C α,β,γ,δ (d, r) = 0 if α or β is not odd.
Given l ≥ 0, m ≥ 0 and r ≥ 0 three integer numbers and four vectors α, β, γ and δ in N ∞ , we denote by S w (l, m, r, α, β, γ, δ) the set composed by the vectors ( (d 1 , . . . , d l , k 1 , . . . , k l , γ 1 , . . . , γ l , δ 1 , . .
To any element s of S w (l, m, r, α, β, γ, δ), we associate the equivalence relation ≃ s on the set {1, . . . , m} defined by
The integer σ ′ (s) is defined as the product of the factorial of the cardinal of the equivalence classes of ≃ s .
Given an element s of S w (l, m, α, β, γ, δ), the set E(s) is the set of all j in {1, . . . , m} such that
Given an element j ∈ {1, . . . , m}, the integerσ ′ (s, j) is defined as the product of the factorial of the cardinal of the equivalence classes of ≃ s restricted to {1, . . . , m} \ {j}. 
Remark 5.3. If one plugs r = 0 in Theorem 5.2, then one finds again the Itenberg-KharlamovShustin Formula from [IKS] .
Proof of Theorem 5.2
The proof of Theorem 5.2 will be divided into two parts, depending on wether 2d−1+|β+2δ|−2r > 0 or not. In the rest of this section, α and β are two odd vectors in N ∞ .
6.1. The case 2d − 1 + |β + 2δ| − 2r > 0. The two terms of the right-hand side of Theorem 5.2, equation (1), come from a natural partition of the set of considered marked floor diagrams. Let us denote by A (resp. B) the set of all r-real marked floor diagrams of degree d, genus 0, type (α, β, γ, δ) such that M(|α + 2γ| + 1) ∈ Edge ∞ (D) (resp. M(|α + 2γ| + 1) ∈ Vert(D)). By definition, one has
6.1.1. Marked floor diagrams in A. There exists a bijection Φ from the set A to the union of all r-real marked floor diagrams of degree d, genus 0 and type (α + e k , β − e k , γ, δ) for k such that β ≥ e k . If (D, M) is a marked floor diagram in A and k is the weight of the edge M(|α + 2γ| + 1),
By definition of the multiplicity, one has µ R r (D, M) = µ R r (D, M ′ ), and then
where the second sum in the right-hand side of the equality is taken over all marked floor diagrams of degree d, genus 0 and type (α + e k , β − e k , γ, δ). Note that k is odd since β is odd, hence one has Let l and m be two nonnegative integer numbers such that the set S w (l, m, r, α, β, γ, δ) is not empty. For s in S w (l, m, r, α, β, γ, δ), denote by P(s) the set of all 2l + m-tuples of marked floor diagrams (
) and (D 2i , M 2i ) are two equivalent marked floor diagrams of degree d i , genus 0 and type (γ i , δ i , 0, 0),
Starting from an element of P(s), we construct several elements of B in the following way (1) For all i in {1, . . . , l} choose an element a i of Edge ∞ (D 2i−1 ) which is in the image of M 2i−1 and of weight k i . Since δ i ≥ e k i , it is always possible to choose such an a i . (2) For all i in {1, . . . , m} choose an element a ′ i of Edges
, it is always possible to choose such an 
(8) Choose a partition (J i ) 1≤i≤m of the set {1, . . . , 2d − 2 + |β + 2δ| − 2r} such that 
(e) for all j ≥ 1 and all i in {1, . . . , l}, if k is the h-th element of I j i , then
(f) for all j ≥ 1 and all i in {1, . . . , m}, if k is the h-th element of I j i , then
. . , l}, if k is the h-th element of J i , then (recall that n = 2d − 1 + |α + β + 2γ + 2δ|)
and By construction, one has
Now, the second sum in the right-hand side of Theorem 5.2, equation (1), follows from all possible choices in our construction. 
Note that since (D, M) is r-real, the weight of the edges M(|α + 2γ| + 1) and M(|α + 2γ| + 2) are the same. One has µ R r (D, M) = kµ R r (D, M ′ ), hence the first sum of the right-hand side of Theorem 5.2, equation (2), is given by
6.2.2. Marked floor diagrams in B ′ . Choose K ≥ 1 such that β ≥ e K . Let l and m be two nonnegative integers such that the set S w (l, m, d, k, r − 1, α, β − e K , γ, δ) is not empty, and define the set P(s) as in section 6.1.2 for any s in S w (l, m, d, k, r − 1, α, β − e K , γ, δ). Then, starting from an element of P(s) we construct several elements of B ′ as in the step (1) -(11) of section 6.1.2, except for the following modifications
Now, the second sum in the right-hand side of Theorem 5.2, equation (2), follows from all possible choices in our construction.
6.2.3. Marked floor diagrams in C ′ . Let l and m be two nonnegative integers such that the set S w (l, m, d, k, r − 1, α, β, γ, δ) is not empty, and define the set P(s) as in section 6.1.2 for any s in  S w (l, m, d, k, r − 1, α, β, γ, δ) . Then, starting from an element of P(s) we construct several elements of C ′ as in the step (1) -(11) of section 6.1.2, except for the following modifications (0C') Choose j in {1, . . . , m} such that
Now, the third sum in the right-hand side of Theorem 5.2, equation (2), follows from all possible choices in our construction. 6.2.4. Marked floor diagrams in D ′ . In this case, by "cutting" the vertices M(|α + 2γ| + 1) and M(|α + 2γ| + 2) from D, one obtains several marked floor diagrams of genus 0 and of lower degrees. Since D is a tree and is r-real, exactly one of these marked floor diagrams is adjacent to both cut vertices, and all the other are naturally coupled in pairs by the map ρ D,M,r (see definition 4.6). Moreover, any edge in Edge ∞ (D) adjacent to the vertex M(|α + 2γ| + 1) is not in the image of M and is naturally coupled to an edge adjacent to the vertex M(|α + 2γ| + 2) since the diagram is r-real. In particular, both edges have the same weight.
Let l be a nonnegative integer such that the set S w (l, r − 1, α, β, γ, δ) is not empty. For s in this set, define the set P(s) as in section 6.1.2 with m = 1.
Starting from an element of P(s), we construct several elements of D ′ in the following way (1) For all 0 ≤ i ≤ l choose an element a i of Edge ∞ (D 2i−1 ) which is in the image of M 2i−1 and of weight k i . 
of weight j for all j ≥ 1, and such that there are as many edges 
are respectively a
In this way, we construct all marked floor diagrams in D ′ . Moreover, any element of D ′ is obtained exactly σ(s)σ ′ (s) times for some s in S w (l, r − 1, α, β, γ, δ).
By construction, one has
Now, the fourth sum in the right-hand side of Theorem 5.2, equation (2), follows from all possible choices in our construction.
7. Further remarks 7.1. More recursive formulas. Using floor diagrams, one can enumerate complex curves in other complex varieties than CP 2 , for example in Hirzebruch surfaces, or in CP n blown up in a small number of points. Since floor diagrams also allow one to compute Welschinger invariants when they are defined, one can easily write formulas similar to Theorem 5.2 for other varieties than CP 2 , using the same technic as here. As an example, we give below a formula to compute Weslchinger invariants of RP 3 for rational curves passing through a configuration of real points. This invariants have been defined in [Wel05b] , and computed for the first time in [BM] and [BM07] using floor diagrams.
Let us denote by W 3 (d) the Welschinger invariant of degree d of RP 3 for configurations of 2d real points. Given l ≥ 0 an integer number and two odd vectors α and β in N ∞ , we denote by S 3 (l, α, β) the set composed by the vectors ( (1) = 1 and the relation
, . . . ,
where the integer number σ(s) is defined as in section 5.1.
Figure 2. Tropical Welschinger multiplicity does not provide tropical relative invariants 7.2. Tropical relative Welschinger invariants. As mentioned in section 3.2, one does not define any relative Welschinger invariant just by counting with Welschinger sign real algebraic rational curves of a given degree satisfying some incidence and tangency conditions. Surprisingly enough, Itenberg, Kharlamov and Shustin proved in [IKS] that the situation is different in tropical enumerative problems related to the computation of the numbers W (d, 0) : in this situations, counting with tropical Welschinger multiplicity tropical curves of any genus satisfying some incidence and tangency conditions with a single line yields an invariant. Moreover, the formula in [IKS] is a recursive formula involving all these absolute and relative tropical Welschinger invariants. Such a result does not hold when one considers situations related to configurations of points with pairs of complex conjugated points. A counter-example is given in Figure 2 where we look at rational tropical cubics in R 2 with an unbounded edge of weight 3 and passing through 5 points x ′ 1 , x ′ 2 , x ′ 3 , x ′ 4 and x ′′ 1 (for brevity, we use the same notation as in [Shu06, Theorem 3.1] and we refer to this article for more details). In Figures 2a and e Up to our knowledge, no such result is known in full generality for Welschinger invariants W 2 (d, r), although computations suggest that an analog result holds in this case. If W 2 (d, r) and N 2 (d) are truly equal modulo big powers of 2, it would be very interesting to find a geometrical reason. Note that Welschinger used symplectic field theory in [Wel] to prove that a big power of 2 divides W 2 (d, r) when r is close to 3d−1 2 . It is proved in [BM] (see also [BM07] ) that the number W 3 (d) is also equal modulo 4 to the corresponding number of complex curves. However, unlike in the case of enumerative invariants of CP 2 , a stronger equality doesn't seem to hold.
